Gene Interaction Networks using the Gibbs Sampling Technique

A gene interaction network (GIN) in this method is the same as the one defined in
Toyoshiba et.al. [1]. Briefly, a GIN consists of a collection of P genes, denoted G/,
G>,... Gp, with observed values g;,22,....g,. Define B (1,j=1,2,..., P) as parameters in
the log-linear function form describing the linkage from gene i to gene ;.

Mathematically, this is written as

P

Ellog(G )] = D 'Ilf/'/))ij log(g;) (1)
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where E[log(G))] represents the expectation for the natural logarithm of G; and J;; (i,j =
1,2, ... ,P) is an indicator function that equals 1 if gene G; has a link to gene G;,
otherwise it equals 0. If a gene has a regulatory effect on gene G;, then that gene is

referred to as a “Parent of gene G;” and we refer to it as belonging to the set Pa(G;).

Define T to be the transition matrix whose (i, j) element consists of the indicator

function /; and let B represents the matrix whose (1, j) elements consists of S

Prior distributions

In the log-linear model, the parameters are the variance for the distribution for

each gene, denoted sz, parameters in the log-linear form, §; (i,j=1,2,..P, i#j), and the



indicator functions defining the network, /;. Prior distributions can be assumed for
each parameter using either informative or uninformative priors. Let h(sz) denote the
prior distribution for ojz. Define h(p;|/;=1) to be the prior distribution for B; when, in
a given network structure, /;=1 (i.e. there is a linkage from G; to G;). Similarly,
define h(p;|/;=0). Finally, define h(/;) to be the prior distribution for I, h(Z;) is a

discrete distribution taking on only two values, 0 or 1.

In what follows, the prior distribution for the variance, h(q,-z), is assumed to be
inverse Gamma with parameters a; and a; (i.e. h(sz) is invI'(a,/2,a:/2)). For By, we
assume h(f;j|f;;) is normal with mean 0 and variance 0(/3)2(1,-]-+(1- ,j)"‘C)2 (i.e. h(By|l;=1)
is N(O, O([)))Z(Iij+( I-Iij)*C)z)) where C is some constant to keep f; close to zero when
1;=0. This is the key to initially guide the Gibbs sampler in choosing between
networks with ;=1 and those with /;=0. In general, denoting B; as the i™ column
vector of B with j" element is absent, the prior distribution of 8 j can be written by P-1
dimension multivariate normal distribution Np_;(0, CC|I;), where C is a diagonal
matrix with o B)(Ii+(1-L;j)*C) is the (i, i) elements and I, is the i™ column vector of T
with the j element is absent. The prior distribution for I; was assumed to be a
Bernoulli distribution with success (/;=1) probability p;. In the uninformative case, p;;

could be set to 0.5 and if there is some expectation that /;; is not equal to zero, the prior



probability could be set higher or the correlation information between some linkages

could be possible as well in more advance.

With these prior distributions, and assuming that the natural log of G; follows a

P
normal distribution with mean E B, -log(g,) and standard deviation o©j, posterior

i=1zj

distributions for each parameter can be estimated. It should be noted that the mean

function S B; -log(g,) is slightly different from the form shown in Equation (1).
i<T%j
In the algorithm used here, f; is sampled even if 7;=0. Hence, in the Gibbs sampling
application, the summation range will be all genes except for gene G; itself. The
development presented here parallels the methods developed by George and
McCulloch [2] using Gibbs sampling to select models for linear regression. Other
prior setting had been studied and detail comparison had been made bythe other
researchers [3,4,5]. In our case, the model selection for linear regression will be
extended to the model selection for Bayesian networks. Hence, some improvement to

overcome the acyclic condition on Bayesian network will be needed to extend the

method and that will be given in the below.



Posterior distributions

Let g = [g1,22...,gp] represent an n X P matrix containing the gene expression data
after normalization and taking log-scale, where n is the sample size and g; is a vector
of n observations from G;, and define the complementation set g(i)=
(e1,82.-8i-1,8i+1-.-,€r]. The prior distribution assumed in the previous, the conditional

posterior distribution for (7]-2 is given by

n+a |gj_g(])'3.j|+a2
2’ 2

OjZNf(aj2|g(l)’ﬂ~j o1 )= InvI( ) @)

where B is the same as the above. In this equation, a; and a; could be chosen as zero

for the non-informative prior. For B, the conditional posterior is given by
By~S(B18:0,.1,)=Np(d-0,7 () g;. ) 3)
where the matrix A4 is defined by its inverse as
A =077 g()) - g()+ (CRC ) 4)

where R could be g(j)*g(j), or P-1 dimension identical matrix, E(P-1) and C is the
same as above used in the covariance matrix for B;. Finally, /; is obtained by

sampling consecutively from the conditional distribution,
]UNf(Iij|g’ﬁj’Oj’T/lij)=f(lylﬁjaaj9T/IU')7 (6)

where T/I; represent the other all elements of T except for /;. Here, it should be



noted that the posterior distribution of I; is conditioned by 7/[; in Bayesian model
selection. Because, if /; =1 makes cycle in a network, the success probability for /;
will be zero. Hence, the following one step is put into the sampling process. Each

distribution is Bernoulli with probability

a
Py =116,0,T/,) =——, (7)

where a is equal to 0 and b=1 if ;=1 produces a cyclic in a network, else

a=f(B,T/1;1;,=0)xf(o,|T/I,I,=1)xf(,=1) ®)

b=f(B,;,|T/1;,I,=0)xf(o,|T/I;1,=0)xf(I,=0). ©)

ij>1ij
By equation (2) and the prior distribution assumed for /;;, (8) and (9) can be given
by,
a=f(BJTA,.1,=Dp,. (10)

Continuing the sampling method for all values of j results in a single observation
from the posterior distribution for each parameter. The summary of the posterior
distributions for ;s can be given as a matrix and provide an indication of the strongest

or weakest possible linkages between genes.



Sampling Algorithm in Bayesian network

Gibbs sampling using the posterior distributions defined above could work in Bayesian
network setting. The posterior distribution of the Bayesian network defined by 7, B

and S=[ 01, 02,...0p] given g = [g1,22...,2p] can be written in the following,

S(TI,B,S|g)=f(glT,B,8)* (T)* h(B|T)*h(S)

i 12
[T/ 118,00 (B, 1)) (12

It is well known that the whole posterior distribution over every parameter can be

decomposed into sub-networks consisting of each G; and its parents.

From the decomposition in equation (12), it is obvious that ¢; and B; can be sampled
from equation (2) and (3) because the posterior distributions for these parameters are
not conditioned by other parameters except for I; B; 0;. In the below, these are called
i™ column parameters in 7, B, and S. In sampling I J» some caution should be needed,
because the posterior distribution of I; is conditioned by 7/I; which is other column

parameters in T. This comes from the acyclic condition of Bayesian networks.



Hence, in sampling /;; in I, if [;=1 makes a cycle in the network, then the probability
for ;=1 is set to be zero and if /;=1 does not make cycles, then equation (7) can be
obtained by removing out the same terms in equation (12) which is the full posterior
distribution and used for sampling /;;, ~ After sampling all I; elements (Z;;, i=1,2,3,...P)
then the other column parameters in 7, B and S will be sampled as the same manner as

explained above. This is one step of the Gibbs sampling for Bayesian network.
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